Upon introducing heterogeneity and dynamics into a model of the demand for children, a problem of optimal population is defined and analyzed. It is shown that from the perspective of social welfare, better-educated individuals produce too few children while less-educated individuals produce too many children and all individuals invest too little in the education of their children. The impact of several policy tools geared at addressing the "population problem" is investigated, in particular how child allowances and other tax-subsidy policies can be harnessed to enhance welfare, and how and why early childhood education programs can mitigate the "population problem."
1. INTRODUCTION Much of the economics literature has identified "the population problem" as a major cause of the "poverty trap" in economic development.
2 In particular, de la Croix and Doepke (2003) demonstrate that due to the negative correlation between income and fertility, and the positive correlation between income and investment in children's human capital, an increase in inequality lowers the average level of education and depresses the growth rate.
3 Utilizing a framework of differential fertility, de la Croix and Doepke (2004) assess the merits of different public policies. An intuitive and straightforward implication of the illuminating writings of de la Croix and Doepke seems to be that a low-income household produces too many children and invests too little in each child's human capital, although de la Croix and Doepke do not explicitly analyze social welfare.
The current inquiry seeks to complement de la Croix and Doepke by conducting a welfare and policy analysis of the population problem under the assumption of heterogeneity. Our inquiry is also related to the received literature on "the optimal population," which is mostly based on the "representative individual" framework. 4 We extend this literature by considering differential fertility with heterogeneous agents in the analysis of social welfare. The purpose of this extension is to improve the understanding of the population problem in an economy in which the distribution of income and of human capital is uneven. Our analytical framework is in line with a recent contribution by Mookherjee and Napel (2007) , who develop a dynamic model of heterogeneous agents that allows for both downward and upward intergenerational mobility. However, whereas Mookherjee and Napel assume that fertility is fixed, we analyze the interactions between the quantity and the quality of children, in line with Becker and Lewis (1973) , and more recently in line with de la Croix and Doepke.
Our analysis focuses on the "steady state" properties of the population dynamics. As in Mookherjee and Napel (2007) , we define a steady state as a state wherein the proportion of skilled workers in the economy is not changing. Meanwhile, in our model, the population growth rate also remains constant in a steady state. The model examines the existence, uniqueness, and stability of the steady state. Upon incorporating a Becker-Lewis type model into our framework of population dynamics and then drawing on the steady-state characterization, we analyze and characterize a "population problem" with heterogeneous agents. We show that based on a social welfare function commonly used in the received literature, better-educated individuals produce too few children while less-educated individuals produce too many children and all individuals invest too little in the education of their children.
Drawing on this infrastructure, we examine policies that could correct or mitigate the "population problem." We study a tax and subsidy policy aimed at increasing the number of children of skilled individuals and at raising social welfare. We find (analytically) that such a policy is riddled with implementation difficulties: Either the number of children of the skilled individuals will increase yet their investment in the skill acquisition of each child will decrease, or the inverse. Moreover, the welfare of the skilled individuals decreases and the policy's impact on social welfare is ambiguous. We then examine the efficacy of a program aimed at improving the skill-formation environment in which the skills of the children of the unskilled parents are acquired. We find that, under a fairly mild condition, the program can mitigate the "population problem" and raise social welfare. Thus, our foray into the policy arena results in a somewhat surprising verdict: A policy that is expected to work can well result in outcomes that are in variance with the intended outcomes and a policy that is not aimed at addressing the "population problem" at all has the unintended consequence of effectively mitigating the problem. 5 Moreover, when we extend the model by considering the positive externality effect of human capital, we identify a scheme that can improve the welfare of the unskilled individuals and the net income of the skilled individuals in every generation. The scheme evolves around the government borrowing to pay the unskilled individuals of a given generation to reduce their fertility, while being paid back by the skilled individuals of a subsequent generation, with this procedure revolving generation after generation.
In the reminder of this paper, Section 2 presents a static, Becker-Lewis type model of fertility. Section 3 analyzes population dynamics with heterogeneous individuals in every generation. Section 4 addresses the "population problem" in the new framework developed in this paper. Sections 5-7 investigate several policy implications. Section 8 offers an inquiry into the validity of our main analytical results under alternative social welfare functions. Section 9 presents our conclusion. Proof material is relegated to the Appendix.
A SIMPLE MODEL OF FERTILITY
This section is a variant of a Becker-Lewis type model. Consider an economy that extends over an infinite discrete time. In every period, the economy is populated by a large number of individuals. An individual lives for two periods: childhood and adulthood (parenthood). The individual makes decisions only in the second period of his life. During this period, the individual bears children and chooses how much education to provide to his children. When the children mature, and having had their skills formed, they in turn choose how many children to have and how much education to give to their children. There are two types of individuals in the economy: skilled individuals-individuals who, for example, receive higher education-and unskilled individuals.
An adult obtains utility from three sources: consumption of material goods, c; the number of children, n; and an index for the "quality" of children. We measure the "quality" of children by the probability that a child will be skilled. Let m be the probability that a child will be skilled. As noted by Razin and Sadka (1995) , the Becker-Lewis model with general functional forms does not necessarily imply that richer people have fewer children. We therefore specify a certain functional form of the utility function. Let an adult's utility function be
where α and β are positive coefficients.
A parent is endowed with one unit of time, which is devoted to (i) bearing and raising children; (ii) educating children; and (iii) working. In line with the existing literature, we assume that children (both quantity-wise and quality-wise) are time intensive for their parents. Indeed, many empirical studies show that parents' time accounts for the bulk of the cost of producing and rearing children (see, for example, the survey by Becker, 1991) . For the sake of simplicity and in line with Galor and Weil (2000) , Galor and Moav (2002) , and de la Doepke (2003, 2004) , we assume that the only parental controlled input into the production of child quantity and quality is parents' time. Let ξ and k denote the time cost of bearing and raising a child and of educating a child, respectively. (We assume that parents spend the same amount of time educating each one of their children.) We assume that ξ is a fixed parameter, while k is a choice variable. Let a parent's income be w. Then,
and the utility function (1) can be rewritten as
Further, we define
where δ is a coefficient that can be interpreted as an indicator of the home environment that helps shape the formation of human capital. It should be noted that δ is greater for skilled parents than for unskilled parents since, given the amount of time spent on educating a child, the children of skilled individuals who are exposed to a different value system, cultural values, and academic orientation are more likely to be skilled themselves. 6 Thus, the probability that a child will end up being skilled depends on parental investment and on parental type. To capture the idea that there are diminishing returns to the educational effort, we assume that e 11 ≡ ∂ 2 e ∂k 2 < 0. We also assume that the marginal benefit of education, ∂e ∂k , increases with parental human capital (δ), that is, e 12 ≡ ∂ 2 e ∂k∂δ > 0, which means 6 The importance of family background, and particularly of parental academic achievements and human capital, for an individual's educational attainment has been consistently confirmed in the empirical literature. For example, several educators (van der Eyken, 1977; Sahota, 1978) estimate that about 50 percent of cognitive development of children occurs by the age of 3 or 4. Bloom (1981) estimates that 80 percent of an individual's potential intelligence is developed by age 8. Clearly, as suggested by Osberg (1984) , almost all this early conditioning environment is created by a child's parents, and it is in these early years that the basic personality traits of a child, such as self-confidence and achievement motivation, which significantly affect the child's future academic performance, are largely shaped. Some evidence (for example, Vernon, 1979) suggests that the home environment also affects children's efficiency in learning at school. Hanushek (1996) and de la Croix and Michel (2002) provide useful surveys of this and related literature. that the parental time input and the parental trait are more complementary in the production of the quality of children. 7 We assume that the optimal solutions are interior. The first order conditions for utility maximization are thus
Now, we make the following assumption:
Then, we have the following proposition.
PROOF. See the Appendix.
For the proposition to hold, (7) is critical. Clearly, ceteris paribus, (7) is more likely to be satisfied the larger is e 12 . The intuition is that a larger e 12 implies that the parental time input and the parental trait are more complementary in the production of the quality of children. Hence, we are more likely to have dk dδ > 0 when e 12 increases. We can also see that (7) will not be satisfied if e 12 ≤ 0. The intuition here is that if e 12 ≤ 0, then an increase in k will reduce the marginal impact of the parental trait. Therefore, if e 12 ≤ 0, an increase in δ, which increases e(k, δ), will lower k and hence induce an increase in fertility at the optimum.
We now briefly turn our attention to the determination of the wage rates. 8 We assume that individuals operate in a small open economy in a one-good world. The good can be produced by two constant returns to scale production technologies. One production technology is "modern" wherein human capital (or skilled labor) is used intensively; the other production technology is "traditional" wherein physical (or unskilled) labor is used. To simplify, we assume that the only input in the modern (skilled) sector is efficiency labor (or "mental" labor), while the only input in the traditional (unskilled) sector is physical labor. 7 Note that parental time input of educating children is a parent's opportunity cost of working, which, roughly speaking, implies that parental time input can be regarded as a parent's financial cost of educating children. As it is commonly assumed that parents' educational expenditures and parental human capital are complementary in children's education (Benabou, 1996; Galor and Tsiddon, 1997) , this assumption is in line with the received literature.
8 Note that the formulation here is similar to that in Galor and Zeira (1993) and Hazan and Berdugo (2002) .
The production technologies in the traditional sector and in the modern sector are as follows. The production function of the traditional (unskilled) sector is
where Y u t and L u t are the output of this sector and the unskilled labor force of the entire economy at time t, respectively, and w u is the marginal productivity of physical labor. The market for physical labor is perfectly competitive. Thus, the wage rate of an unskilled worker is w u .
The modern sector's production function is
where Y, K, and L are total output, the quantity of physical capital, and the quantity of skilled labor, respectively. Since the economy is perfectively competitive, the interest rate of physical capital, r, and the wage rate of skilled labor, w, are determined as follows:
Suppose that the world interest rate is constant atr . Assuming that the small economy permits unrestricted international lending and borrowing, its interest rate must also be equal tor . Therefore, the ratio between capital and skilled labor in this economy is constant at a level f −1 (r ) ≡θ. Thus, the wage rate of the skilled workers, w s , is constant at the level of
In line with the empirical literature, we assume that income and skill are positively correlated, that is,
Since there are only two types of individuals, we define 
POPULATION DYNAMICS
To ease the exposition that follows we introduce the following notations: λ t : the proportion of skilled individuals in the population at time t; p: the probability that a child whose parent is skilled will be skilled; q: the probability that a child whose parent is unskilled will be skilled; a: the fertility of a skilled individual, b: the fertility of an unskilled individual, N t : the total size of cohort at time t.
From Proposition 1 we know that p > q, and that a < b.
At time t + 1, the number of skilled individuals whose parents are skilled is paλ t N t .
At time t + 1, the number of skilled individuals whose parents are unskilled is
Therefore, the number of the skilled at time t + 1 is
Recalling our assumption that an adult lives (that is, makes economic decisions) for just one period, the total (adult) population at time t + 1 is
Thus, the proportion of the skilled at time t + 1 is
We now provide a definition of the steady state of the population dynamics. DEFINITION 1. The population dynamics of an economy is in a steady state if 
When λ t = 0, we have from (10)
From (10), we know that λ t+1 is a continuous function of λ t on the closed interval [0, 1]. Therefore, there exists a λ * such that
Further, the locus of the dynamics of λ t must first pass through the 45 degree line from above (note that λ t+1
At this intersection point-a steady state-the slope of the locus maintains
that is, the steady state is stable. We next prove the uniqueness of the steady state. From (10), we have that
and that
Thus, the locus of the dynamics may cross the 45 degree line again (from below), and at this possible new intersection point, we would have that
> 0, we must have that for values of λ t that are greater than the value of λ t at the intersection point, dλ t+1 dλ t > 1, and hence, the locus will not cross the 45 degree line (from above) again.
THE UNIQUE, STABLE, AND NONTRIVIAL STEADY STATE Note, however, that λ t+1 (λ t = 1) = p < 1. Therefore, the locus between the first intersection point and the point where λ t = 1 must be below the 45 degree line, and hence there is no additional intersection point with the 45 degree line in this domain. We also know that λ t ≤ 1. Thus, the locus cannot pass the 45 degree line again after it passes it first and, therefore, the first intersection point defines the unique steady state of the dynamic system; λ * is unique. The proof of Part (1) of Proposition 2 can be conveniently illustrated by Figure 1 .
(2) At the steady state, we have from (10),
namely,
Note that
that
Also, from the proof of the first part of the proposition, in particular from Figure 1 , we know that at the steady state, the slope of the locus is less than one, that is dλ t+1 dλ t < 1. Then, from (13) and (14), we know that
Thus,
and
At the steady state, the higher the probabilities that children will be skilled, the higher the fertility of the skilled individuals; and the lower the fertility of the unskilled individuals, the higher the proportion of skilled individuals in the population.
HETEROGENEITY AND OPTIMAL POPULATION
In this section, we will argue that a "population problem" exists because individual choices do not yield maximal social welfare. In line with the "Golden Rule" literature on the welfare concomitants of economic growth and other dynamic analyses (inter alia Phelps, 1961) , 9 we will focus our attention on the steady state. Let us define the social welfare function, W, as an average utilitarian
where u and v are the utility of a skilled individual and that of an unskilled individual, respectively. Note that this social welfare function is equivalent to a situation that Rawls (1973) terms the "original position," which is characterized by a "veil of ignorance," an about-to-be born member of the society will obtain utility u with probability λ, and utility v with probability 1 − λ. Thus, (20) describes the expected utility of an unborn member of the society.
We have already argued that a skilled individual enjoys a higher wage rate and is blessed with a better ability to positively affect the skill level of his children than an unskilled individual. Also, from Section 2, it is easy to see that an individual's utility increases with w and δ. Therefore,
We are ready now to state and prove the following proposition. PROOF. Proving this proposition is equivalent to showing that given all other variables, the optimal individual choice of a particular variable is less or greater than the optimal social choice. The proof of the proposition is divided into four parts: (i) skilled individuals have too few children; (ii) unskilled individuals have too many children; (iii) skilled individuals spend too little time on children's education; (iv) unskilled individuals spend too little time on children's education. Since the underlying logic of the proofs of these four parts is quite the same, we provide next a proof of the first part; proofs of the remaining parts are relegated to the Appendix.
We seek to demonstrate that by the standard of social optimum, skilled individuals have too few children. Given all other variables, at the optimum of the individual's choice of a, we have that ∂u ∂a = 0; (21) we denote the solution to this equation by a o .
Next, from (20), we have that
From Proposition 2 we have that at the steady state, ∂λ ∂a > 0. Therefore, at a = a o , from (21) and (22), we have
However, at the social optimum, we must have that
We denote the solution to (24) by a * . From (23) and (24), we know that a * = a o . We now seek to show that
We do this by contradiction. We can rewrite (20) as follows:
From (25), we can see that if a decreases from a o , then: (i) holding λ constant, (u − v) will decrease since u achieves maximum at a o and v is independent of a; (ii) holding (u − v) constant, λ will decrease as ∂λ ∂a > 0. Since both λ and (u − v) are positive, λ(u − v) will decrease if a decreases from a o . Thus, a must increase from a o in order to achieve social maximum.
Proposition 3 shows that individual optimal choices differ from the socially optimal choices. The intuition underlying the proposition is as follows. If parents with a high level of human capital produce more children, the proportion of skilled individuals in the next generation will be higher. Conversely, if parents with a low level of human capital produce more children, the proportion of unskilled individuals in the next generation will be higher. A "population problem" is created when, from a social welfare point of view, parents produce too few or too many children, which is likely to be the case since individual parents do not ordinarily take into account the economy-wide or social implications of their choices. Yet it is unlikely that a society will not be affected by, and hence that it would be indifferent to its skill composition and the skill levels of its members.
Proposition 3 maintains that all individuals invest too little in the education of their children. Since investment in children's education contributes to the accumulation of human capital whereas savings by households contribute to the accumulation of physical capital, this result is akin to the finding of the neoclassical growth model that savings which are privately optimal often fall short of the level of savings that yields the golden-rule level of capital (de la Croix and Michel, 2002; Romer, 2006) .
11 Thus, this article too explores the incidence of an investment that is shy of the socially optimal level of investment.
TAXING, AND SUBSIDIZING FERTILITY
In this section, we will analyze the design of a subsidy policy aimed at increasing the fertility of skilled individuals and raising social welfare. An empirical motivation for this section is the population policy in Singapore, a country where population issues have been addressed more seriously than in a great many other countries. In an important speech at the National Day Rally on August 14, 1983, Mr. Lee Kuan Yew, the Prime Minister of Singapore at that time, expressed concern about the lopsided fertility pattern in which the better-educated women produced too few children while the lesser-educated women produced too many children, a pattern which would lower the quality of the population. Mr. Lee stated that:
"Therefore, we must further amend our policies, and try to reshape our demographic configuration so that our better-educated women will have more children to be adequately represented in the next generation."
12
In recent decades, incentives were introduced to encourage better-educated women to have more children. These incentives include "baby bonuses" for second and third births and picking up the tab for paid maternity leave for third births (see, for example, Yap, 2003) .
Suppose that s(>0) is the subsidy to a skilled individual for having a childchild allowance-and t(<w) is a lump-sum tax. Then, in this case, an individual's budget constraint (recall (2)) becomes
For simplicity, we will analyze only the benchmark case wherein the subsidies to the skilled are financed from the proceeds of tax levied on the skilled, 13 namely, in equilibrium
It should be noted that when making their choices of the quantity and the quality of children individuals will treat s and t as parameters.
From (26), we can rewrite the utility function (recall (3)) as
Hence, the first order conditions for utility maximization are
Inserting (27) into (29) and (30), we get
We now have the following proposition. This proposition implies that child allowance achieves the intended impact of increasing fertility only under some technical conditions. If (33) is reversed, then child allowance will result in a decrease of fertility and in an increase of the educational expenditure on each child.
Note, in particular, that (33) will be satisfied if α < 1, which will occur when parents care more about the quantity than about the quality of their children. In Singapore, the government subsidizes the more educated parents in order to induce them to have more children. Proposition 4 implies that this policy will not be applicable universally but rather under some specific technical conditions. Will the policy increase the proportion of skilled individuals in the steady state? How will it affect individual and social welfare? The answers to these questions are provided in the following proposition. Proposition 5 shows that the tax and subsidy policy is riddled with implementation difficulties: It may not necessarily increase the proportion of skilled individuals in the steady state; the welfare of the skilled individuals decreases; the policy's impact on social welfare is ambiguous. Thus, in this section we have shown that a direct means aimed at solving the "population problem" may not be capable of achieving its intended purpose.
"HEAD START PROGRAM"
Up until now we have assumed that the skill trait of the parents is historically given, having resulted from decisions undertaken by their own parents. But what if policy intervention could impact on δ? What will happen if unskilled parents were to become skilled parents? Could a government expenditure aimed at elevating δ mitigate the "population problem" and raise social welfare? Imagine, for a moment, that an exogenous shock succeeds in transforming the skill level of the unskilled from δ = 0 to δ = 1. Then the "population problem" dissipates away completely: The social welfare function (20) reduces to u, and the choice of a skilled individual coincides with the social choice (a o ≡ a * ), such that whatever the individual chooses is the social optimum.
Our starting point in this section is a prevailing policy that, as we will seek to show, can have a desirable effect-by consequence if not by design-with regard to the "population problem." We refer to the "Head Start Program" in the United States, which "aims to improve the learning skills, social skills, and health status of poor children so that they can be in schooling on an equal footing with their more advantaged peers" (Currie and Thomas, 1995) . A number of empirical studies, notably Currie and Thomas (1995) , Currie (2001) , and Garces et al. (2002) , show that early childhood education programs have significant positive impact on the participants' educational attainments both in the short term and in the long term.
14 To show how a "Head Start Program" can be an effective means to address the "population problem," we extend the model slightly by making the following assumption:
where g denotes the government's expenditure on improving δ for the unskilled parents.
We assume that the expenditures on the "Head Start Program" are financed by an income tax on the skilled individuals, and that the tax rate is γ . Then for skilled parents, (3) becomes
From (35) it is clear that an income tax proportional to an individual's earnings has no impact on the individual's choices of the quantity and the quality of children. We denote a skilled individual's optimal (private) choice of the number of children and the amount of time that he invests in the education of each of his children by a o and x o , respectively. Then, assuming that the government balances its budget, we have 
From (3) and (4), we can rewrite (3) as
From the Envelop Theorem, we know that From (35) and (36), we know that
At g = 0, we have that
Therefore, if δ (g) is sufficiently large at g = 0, then from (25), (37), (38), and (40), we have (at g = 0)
However, the first order condition for the maximization of social welfare is dW dg ≤ 0 (42) with strict inequality holding if g = 0. Thus, from (41) and (42), we know that g = 0 cannot satisfy the first order condition and hence it cannot be the optimal solution. Thus, we conclude by means of a proposition. is sufficiently large then, from (37), we know that dλ dg will also be sufficiently large. In this case, from (39), we will have that du dg > 0. Recall that dv dg > 0 always. Thus, under these circumstances, this policy intervention will increase the welfare of both the skilled individuals and the unskilled individuals in the steady state.
HUMAN CAPITAL EXTERNALITY
In this section we add to the preceding analyses by incorporating the externality effect of average human capital. Specifically, we assume that the wage rate of the skilled individuals in a given period is positively related to the average level of human capital in the economy in that period. Namely, we assume that
In such a setting, we explore a scheme wherein the government uses pecuniary incentives to induce unskilled individuals to reduce fertility, which mitigates the "population problem." We show that under reasonable conditions, the scheme can improve the welfare of the unskilled individuals and the net income of the skilled individuals in every generation. The scheme is not divorced from concrete empirical settings. For example, in the 1980s, the government of Singapore offered grants of 10,000 Singaporean dollars to little-educated women who agreed to be sterilized after the birth of their second child conditional on the following requirements (along with several secondary requirements) being met: (i) Neither parent should have any General Certificate of Education (GCE) Ordinary Level passes; (ii) neither parent should earn more than 750 Singaporean dollars per month (see Saw, 1999 ).
The scheme is described as follows:
Period 1: The government borrows to pay the unskilled to "bribe" or induce them to reduce their fertility. Period 2: The skilled of generation 2 pay for the government-incurred debt of the last generation; the government borrows to pay the "new" unskilled to "bribe" or induce them to reduce their fertility. Period 3: The skilled of generation 3 pay for the government debt of the last generation; the government borrows to pay the unskilled to "bribe" or induce them to reduce fertility. And so on.
The basic logic of this scheme is straightforward: If unskilled individuals in the current generation reduce fertility, the proportion of skilled individuals in the next generation will be greater, which increases the wage rate of skilled individuals of the next generation under the assumption in (43). Thus, if the externality effect of average human capital is large enough, the cost of inducing unskilled individuals to have a lower level of fertility will be less than the resulting gain for the skilled individuals in the next generation.
We now analyze the scheme in detail. Under the status quo, an unskilled individual's optimal (private) choice of the number of children and the amount of time that he invests in the education of each of his children are denoted by b o and y o , respectively. We assume that the tax levied on a skilled individual is proportional to his wage rate. Then, as illustrated in Section 6 (Equation (35)), the scheme will not affect a skilled individual's optimal choice of the number of children and the amount of time that he invests in the education of each of his children which, to recall, are denoted by a o and x o , respectively.
(1) Generation 1: The government increases the wage rate of the unskilled from w u to (1 + τ )w u . At the same time, the government announces that an unskilled individual will receive the benefit if and only if he chooses his fertility level to be b * , which is the optimal level of b that maximizes social welfare. From Proposition 3, it follows that b * < b o . If an unskilled individual chooses b * number of children, he will choose a new value of k, the amount of time that he invests in the education of each of his children, that maximizes his utility. We denote this new level of k by y n . We next examine under what condition an unskilled individual will accept the government's offer. From the preceding analyses we can see that an individual's utility can be written as a function of n and k, and we denote this function by V(n, k). Under the status quo, an unskilled individual's utility arising from the individual's ability to optimally choose the quantity and the quality of his children (that is,
If the unskilled individual accepts the government's offer, he will choose n = b * and k = y n . Recalling (3), the unskilled individual's utility is then
An unskilled individual will therefore accept the government's offer if and only if
Namely, if and only if
We assume that the government chooses the following τ
where ε is a small positive number. Thus, implementation of the scheme will increase the welfare of the unskilled individuals. Then, the debt of the government is
where λ 1 and N 1 denote the proportion of skilled individuals in Generation 1 and the total population in Generation 1, respectively.
(2) Generation 2: We denote by λ * 2 the proportion of skilled individuals in the current generation (that is, in Generation 2) when the unskilled individuals of the last generation accepted the government's offer, and we denote by λ 2 the proportion of the skilled individuals in the current generation (that is, Generation 2) under the status quo. We then have the following proposition. PROOF. See the Appendix.
ALTERNATIVE SOCIAL WELFARE FUNCTIONS
This section offers an inquiry into the validity of our main analytical results under alternative social welfare functions. A brief summary of our findings is in order. First, if the social welfare function is Rawlsian, which is defined as the welfare of the worst-off individual in the society, then we show that there will be no "population problem." However, as is commonly recognized, the Rawlsian social welfare function has limited applicability and appeal.
15 Second, if we let the social welfare function to be a "generalized" average utilitarian, as defined by Blackorby et al. (1995 Blackorby et al. ( , 2002 , we get results that are qualitatively the same as Proposition 3. Thus, we infer that the results obtained in Section 4 are fairly robust. Finally, we consider the case wherein the social welfare function is a function both of the population growth rate and of the individuals' average utility, in the spirit of total utilitarianism. We show that in such a case, the results obtained in Section 4 will continue to hold under reasonable additional assumptions.
A Rawlsian Social Welfare Function.
The Rawlsian social welfare function is defined as the welfare of the worst-off individual in society (see, for example, Nerlove et al., 1988 ). In our model, there are only two types of individuals. From Section 4, we know that
Thus, in our model the Rawlsian social welfare function is simply the unskilled individual's utility function, namely,
This implies that the maximizing of social welfare collapses to the maximizing of the utility of an unskilled individual. Therefore, the private choices of an unskilled individual coincide with the social optimum. Also, a skilled individual's choices obviously do not affect an unskilled individual's welfare (the wage rate of an unskilled individual, and for that matter everything else, is independent of a skilled individual's choices), which implies that a skilled individual's private choices (which do not affect v) are also consistent with the social optimum.
In summary, we have the following proposition.
PROPOSITION 8. Suppose that the social welfare function is Rawlsian. Then, by the standard of social optimum, there is no "population problem."
Proposition 8 is derived under the assumption of no government intervention such as tax and subsidy policies. When the government does play a role, however, then under the Rawlsian social welfare function, social welfare will be improved, for example by the "Head Start Program" elucidated in Section 6, or by a policy of taxing the skilled individuals and transferring the proceeds to the unskilled individuals.
8.2.
A "Generalized" Average Utilitarian Social Welfare Function. As, for example, in Blackorby et al. (1995 Blackorby et al. ( , 2002 , we now define the social welfare function to be "generalized" average utilitarian, namely,
where, to recall, λ is the steady-state proportion of skilled individuals in the population, and where ρ is a coefficient, 0 < ρ < 1; the greater ρ, the greater the weight accorded to unskilled individuals in the social welfare calculus. We make the following assumption: PROOF. See the Appendix.
Proposition 9 generalizes Proposition 3 and implies that the results obtained in Section 4 are fairly robust.
Social Welfare as a Function both of the Population Growth Rate and of
Individuals' Average Utility. We consider a setting wherein the social welfare function is a function of both the population growth rate and of the individuals' average utility, in the spirit of total utilitarianism. 16 From the analysis in Section 3, we know that the rate of population growth in each period at the steady state, which we denote by π , is
Then, the social welfare function is defined as follows:
where Z denotes social welfare and W is defined in (20).
For simplicity, in this subsection we only consider whether and how individuals' choices of fertility may deviate from social optima. The first order conditions for the maximization of Z with respect to a and b are, respectively,
We assume that the second order conditions of Z with respect to a and b are negative: 
) Unskilled individuals have too many children if and only if when b
This proposition implies that the results obtained in Section 4 continue to hold under reasonable assumptions in this new setting. Moreover, note that
Equation (60) implies that we may have either dπ da > 0 or dπ da < 0. The intuition is as follows. On one hand, if skilled individuals have more children (that is, if a increases), this will contribute to an increase in population growth. On the other hand, when skilled individuals have more children, there will be a higher proportion of skilled individuals in the next generation. Since a skilled individual has fewer children than an unskilled individual, the result will be a decrease in population growth in the long run. Thus, in the steady state, the impact of an increase in the fertility rate of skilled individuals has an ambiguous effect on the population growth rate.
For unskilled individuals we have
The inequality in (61) implies that if an unskilled individual has more children (that is, if b increases), the population growth rate in the steady state will surely increase.
When the society has a strong desire for a faster population growth,
is large. In this case, from Proposition 10, the following comments ensue. First, since
is sufficiently large (such that (59) is not satisfied), then there will no longer be a "population problem" of unskilled workers having too many children. This is so because an unskilled worker's having more children contributes to population growth in the very society that strongly desires a faster rate of population growth, although the average utility of the future generation will subsequently be reduced. Second, if dπ da > 0, from the logic of the proof of Proposition 3, we can see that the population problem will exist for skilled workers having too few children. Third, if dπ da < 0 and if dπ da is sufficiently small so that (58) is not satisfied, then the population problem will not exist for skilled workers having too few children. The intuition is that if an increase in skilled individuals' fertility rate decreases the population growth rate and when the society strongly desires rapid population growth, then the impact of the said desire will outweigh the impact of an increase in skilled individuals' fertility rate on average utility. Consequently, social welfare will not increase when skilled individuals have more children.
Thus, in summary, the population problem analyzed in this paper will continue to exist if a society's desire for a fast population growth is not too strong (such that (58) and (59) are satisfied). In other words, our main analytical results will hold in this alternative setting under additional reasonable conditions. Notably, in developing countries a slow population growth is not a major concern, or even not a concern at all. Then, ∂ Z ∂π is small so that (58) and (59) are likely to be satisfied, and the population problem identified in Section 4 continues to exist.
CONCLUSION
Across different countries, fertility rates are low in rich countries and high in poor countries, and in a given country, poorer households have more children than richer households. Indeed, the negative correlation between the level of fertility and the level of income is one of the most robust empirical findings in demography and in economics. In particular, due to the strong association between poverty and high fertility, the "population problem" has for long been of concern to researchers in various social science disciplines and, of course, to policy makers. This paper investigates the "population problem" by introducing heterogeneity into a Becker-Lewis model and extending the model to a dynamic framework. In line with the "Golden Rule" literature on the welfare analysis of economic growth, we focus our analysis on the steady state of a dynamic system. In our model, the steady state is defined as the situation in which the proportion of skilled individuals becomes constant in the dynamic system. Our analysis points out that from a social welfare point of view, parents either produce too few or too many children and invest too little in the education of their children, which is likely to be the case since they ordinarily ignore the impact of their fertility choices and outcomes on the proportion of skilled individuals in the next generation(s). Thus, a "population problem" exists. While the "population problem" is exacerbated if we assume that the average level of human capital in a population affects productivity, our results do not hinge on us resorting to human capital externalities in production. 17 An extension of the model indicates that our results are fairly robust under alternative social welfare functions.
We investigate policy tools geared at correcting the "population problem." We inquire how child allowances and other tax-subsidy policies can be harnessed to correct the "population problem" and enhance welfare. (Singapore's subsidization of the fertility of the educated is a case in point.) We also show that early childhood education programs are effective in mitigating the "population problem." In addition, in the presence of an externality effect of average human capital, we explore a scheme that can improve the welfare of the unskilled individuals and the net income of the skilled individuals in every generation.
We have sought to add to the received welfare and policy analysis of the population problem. For simplicity, by adopting a framework of a small open economy, we have abstracted from general equilibrium effects on wages and interest rates. In future research, the model could well be extended to examine the possibility that an increase in the number of skilled workers may have ambiguous effects on welfare, since the increase may affect the wage rate. In such a setting, we would need to consider both the impact of increased labor supply on the wage rates and the channel through which an increase in skilled labor may affect the technological infrastructure of the economy (Acemoglu, 1998) . Also, in an open economy world that consists of both poor and rich countries, as studied by Razin et al. (2002) and de la Croix and Gosseries (2007), we may want to consider the manner in which the population problem is related to international migration.
APPENDIX: PROOFS PROOF OF PROPOSITION 1. From (5), we get
Recalling that ∂m ∂k > 0, we have that this result implies that there is a trade-off between the quantity and the quality of children.
From (5) and (6), we get .3) or that
Totally differentiating (A.4) with respect to k and δ and rearranging, we get
Note that drawing on (5), the first order condition of (3) with respect to k can be reduced to (A.4). Then, from (A.4), it is easy to verify that the denominator in (A.5) is just the second order condition of (3) with respect to k, which must be negative at the optimum. Next, from (20), we have that
(A.10)
From Proposition 2, we have that at the steady state ∂λ ∂b < 0. Therefore, at b = b o , from (A.9) and (A.10), we have
We denote the solution to (A.12) by b * . From (A.11) and (A.12), we know that
We now seek to show that
We do this by contradiction. We can rewrite (20) as Then, given other variables, at the optimum of the individual choice of x, we have that
We denote the solution to (A.14) by x o .
Next, from (20), we have
(A.15)
From Proposition 2, we have that at the steady state
from (A.14) and (A.15), we have
We denote the solution to (A.17) by x * . From (A.16) and (A.17), we know that x * = x o . We now seek to show that
We do this by contradiction. From (25), we can see that if x decreases from x o , then: (1) holding λ constant, (u − v) will decrease since u achieves maximum at x o and v is independent of x; (2) holding (u − v) constant, λ will decrease as 
We do this by contradiction. From (A.13), we can see that if y decreases from y o , then: (1) PROOF OF PROPOSITION 4. From (31) and (32), we get To simplify, we define
From the preceding analysis, we know that > 0 and < 0. We denote
From the analysis in Section 3, it can be derived that .33) and that
Thus, noting that in this case a ≡ n, we have Therefore, the sign of dλ ds is ambiguous. Next, it should be noted that the child allowance policy reduces u. Note that for skilled individuals, when n = a o and k = y o , U reaches the maximum. However, under the policy, individuals' choices of the quantity and the quality of children are determined by the first order conditions (31) and (32). Note that (32) is the same as (6), yielding the same expression of k, as a function of n, as the expression in the absence of the policy. Therefore, the optimal solutions n(a) and k(x) can be obtained by inserting k as a function of n into (31) and (5), respectively. However, since s > 0, it is easy to see that (31) differs from (5), hence the solutions that satisfy (31) cannot satisfy the first order condition (5), which implies that these solutions cannot maximize U. Finally, recall that W = λ(u − v) + v. Because the child allowance policy with a balanced budget for the skilled does not necessarily increase λ, and it decreases u, it clearly has an ambiguous impact on social welfare.
PROOF OF PROPOSITION 7. (1) In the case that n = b * , the choice variable of an unskilled individual is only k (since he treats n as a parameter). Then, the first order condition for the maximization of (3) .43) where N 2 denotes the total population in Generation 2. Clearly, (A.45) where r is the interest rate, then the gain to the total income of the skilled individuals in Generation 2 will be higher than the government's cost of implementing the scheme in Generation 1. From (49) If the externality effect of average human capital is large enough, w s (λ * 2 ) − w s (λ 2 ) will be large. In this case, (A.47) and hence (A.45) will be satisfied, which means that the gain of the total income of the skilled individuals in Generation 2 is greater than the cost of inducing the unskilled individuals to reduce fertility in Generation 1.
By similar logic, the process can be repeated for subsequent generations. Thus, under reasonable conditions, the scheme can improve the welfare of the unskilled individuals and the net income of the skilled individuals in every generation.
PROOF OF PROPOSITION 9. The proof of this proposition is quite similar to the proof of Proposition 3. As in the case of the proof of Proposition 3, the proof of Proposition 9 is divided into four parts with the same underlying logic: (i) skilled individuals have too few children; (ii) unskilled individuals have too many children; (iii) skilled individuals spend too little time on children's education; (iv) unskilled individuals spend too little time on children's education. Thus, for the sake of brevity, we only demonstrate that by the standard of social optimum, skilled individuals have too few children.
Given We do this by contradiction. We can rewrite (51) as Thus, a must increase from a o in order to achieve social maximum.
Since the structure of the proofs of the remaining parts of Proposition 9 is akin to the above, the proofs are omitted.
